Photochemical upconversion is a promising way to boost the efficiency of solar cells using triplet exciton annihilation. Currently, predicting the performance of photochemical upconversion devices is challenging. We present an open source software package which takes experimental parameters as inputs and gives the figure of merit of an upconversion system, enabling theory-driven design of better solar energy devices. We incorporate the statistical distribution of triplet excitons between the sensitizer and the emitter. Using the dynamic quenching effect of the sensitizer on emitter triplet excitons, we show that the optimal sensitizer concentration can be below the sensitizer solubility limit in liquid devices. These theoretical contributions can explain, without use of heavy atom-induced triplet exciton formation or phenyl group rotation, the experimental failure of zinc octaethylporphyrin to effectively sensitize diphenylanthracene, where platinum octaethylporphyrin succeeds. Our predictions indicate a change in direction for device design that will reduce triplet exciton losses.
I. INTRODUCTION
Solar cells have a transparent region below their bandgap. The transparent region plays an important role in limiting the efficiency of conventional solar cells illuminated by sunlight [1, 2] . Photochemical upconversion is a phenomenon which converts light a solar cell cannot use into light that the cell can use [3] [4] [5] [6] [7] [8] [9] . The utility comes from the spontaneous increase in the energy per photon. Owing to its exothermic nature, photochemical upconversion can be relatively efficient [7, 10, 12, 13] .
Photochemical upconversion transfers energy through a series of energy levels, which are illustrated by an energy level diagram in Fig. 1 . The energy levels are in two different molecules, the sensitizer [10, [14] [15] [16] [17] [18] and the emitter [19] [20] [21] [22] [23] . First, sunlight is absorbed by the sensitizer molecules. Second, the sensitizer undergoes intersystem crossing, which produces a triplet exciton. Third, the sensitizer molecule transfers energy to an emitter molecule [24, 25] . The triplet exciton state of the emitter is relatively long-lived [22, 26] , enabling energy to be stored for conversion. Fourth, emitter excitons undergo triplet annihilation. Triplet annihilation converts a pair of triplet excitons to one singlet exciton. Fifth, the emitter molecules in the singlet excited state produce fluorescence. This fluorescence has a higher energy per photon than the light which was absorbed in the first step, so it can be used by a solar cell.
Photochemical upconversion cannot exceed 50% quantum yield because triplet annihilation converts two triplet excitons into one singlet exciton [27] . 50% quantum yield is highly advantageous because upconversion enables use of a region of the solar spectrum where the solar cell external quantum efficiency is zero [28] . In addition, the output quanta have more energy than the input quanta; the energy efficiency exceeds the quantum yield.
In upconversion devices, the balance between desirable triplet exciton annihilation and other forms of triplet loss determines the quantum yield of upconversion [24] . Here, we use simulations [4] to show how advanced triplet exciton physics can be applied to shift the fate of excitons towards annihilation and away from other decay mechanisms. In particular, we focus on the Boltzmann distribution of triplets between molecules and the recently discovered quenching action of the sensitizer [26, 29] on the triplet exciton storage in the emitter.
II. OVERVIEW OF CALCULATIONS
We calculate the accepted figure of merit for photochemical upconversion, which is the photocurrent per unit area caused by upconversion, under the assumption that the solar cell has perfect quantum efficiency [30] . As illustrated in Fig. 2 , we simulate a device consisting of a solar cell, an anabathmophore layer which performs photochemical upconversion [12] , and a Lambertian diffuse reflector [4] . Our simulations use random samples from the AM1.5G solar spectrum. For each sunlight sample, we use random sampling to determine if the light is absorbed by the solar cell, absorbed by the sensitizer, or diffusely reflected.
It is established that, in well constructed systems, the sensitizer intersystem crossing, triplet energy transfer [22, 26, [31] [32] [33] [34] [35] , and fluorescence have negligible losses. Therefore, we assume they are perfectly efficient. While our methods can be adapted to poorly constructed systems, including low intersystem crossing rates, triplet transfer rates, and fluorescence yields, these possibilities are beyond the scope of this report. Triplet energy transfer is further discussed in Section III.
The quantum yield of photochemical upconversion Φ UC was computed according to the accepted theory [24] , which incorporates the triplet exciton annihilation rate constant k 2 , the triplet exciton concentration [T ], and FIG. 1. Photochemical upconversion energy level diagram. The system consists of sensitizer and emitter molecules. The sensitizer molecules capture light and transfer the resulting exciton to the emitter. Sn and Tn indicate the nth singlet and triplet spin energy levels, respectively. The triplet energy transfer double-ended arrows indicate that rapid triplet energy transfer achieves an equilibrium, rather than complete transfer. Figure adapted from [26] .
the regular triplet loss rate constant k 1 :
This yield determines the quantity of fluorescence. Using random samples from the fluorescence spectrum, we calculate the rate at which fluorescence is absorbed by the solar cell. The figure of merit is calculated from this rate. We also include the self-absorption and photon recycling [36] , owing to both the sensitizer and the emitter, including diffuse reflections from the bottom surface of the anabathmophore. Self-absorption is typically small for well-designed systems.
Our simulations use experimental solar spectral irradiance, sensitizer absorption, emitter absorption, and emitter emission spectra. Therefore, they are readily adapted to a wide range of illumination conditions and chemistries. For this paper, we use the sensitizer zinc octaethylporphyrin and the emitter diphenylanthracene.
Previous work has investigated the relationship between the chemical structure and upconversion properties of closely related sensitizers [17, 19, 22, 26, [37] [38] [39] [40] and emitters [22, 23, [41] [42] [43] [44] . The chemical structures are illustrated in Fig. 3 and the spectra are presented in Fig.  4 . For the solar cell, we use the Tauc model of direct bandgap absorption so that the bandgap of the solar cell is a free variable [45, 46] . Details of the algorithm are in Section V.
III. TRIPLET KINETICS OWING TO TRIPLET ENERGY LEVELS
The rate of energy transfer from the sensitizer to the emitter is much faster than the triplet decay rate of the sensitizer [22, 26, [31] [32] [33] [34] [35] . As a result, it is common to discuss the decay rate of triplet excitons (excluding annihilation) k 1 as if it were the same as the triplet decay rate of the emitter. However, we will show that the sensitizer triplet decay rate can play an important role in determining the figure of merit, even though energy transfer is faster than triplet decay.
In equilibrium, the distribution of triplets between the sensitizer and the emitter is according to the Boltzmann distribution [48] . Experiments show the triplet energy transfer is the fastest rate when the emitter concentration is high [22] . We assume the sensitizer and emitter triplet exciton populations are in equilibrium. The equilibrium is illustrated in Fig. 1 by the triplet energy transfer arrows from the sensitizer to the emitter and from the emitter to the sensitizer.
If k [22], k E 1 is the triplet decay rate constant in the emitter [26] , [S] is the sensitizer concentration, [E] is the emitter concentration, k B is the Boltzmann constant, T is the temperature, and ∆E is the difference between the sensitizer triplet energy level and the emitter triplet energy level, then the overall triplet decay rate is
The rate constants are listed in Table I [ 22, 26] . As shown in Fig. 5 , if ∆E > 0, then as temperature increases, k 1 increases, which leads to reduced quantum yield. This result emphasizes that the interplay between environmental conditions, such as heating by the sun and cooling by the wind [49] , with the exothermic nature of upconversion must be considered when designing an energy conversion system.
In order to generate triplet excitons, the sensitizer must have a high intersystem crossing rate. As a result, the sensitizer's triplet decay rate constant k S 1 is relatively large [22, 50, 51] . However, device designers have the freedom to select an emitter molecule with a small triplet decay rate constant k E 1 . Equations 1 and 2 show that a large k S 1 decreases the quantum yield. In addition, a pair of triplet states located in the sensitizer typically cannot produce upconversion because known sensitizer molecules lack a suitable first excited singlet spin state [52] . It is possible to harvest higher excited states [53] , a phenomenon which we do not simulate. While annihilation of triplet excitons located in different molecules can be efficient [54] , we assume that sensitizers will not have this property. Therefore, the concentration of usable triplet excitons is
∆E is the energy lost during transfer of a triplet exciton from the sensitizer to the emitter. It is indicated in Fig.  1 . The quantum yield is more precisely written as
In many cases, ∆E much is larger than the thermal energy. Then it is not necessary to consider k S 1 . An excessively large ∆E is detrimental to energy efficiency because it reduces the upward shift in the energy of the upconverted photons. If ∆E is enhanced by shifting the sensitizer triplet energy upwards, then the portion of the solar spectrum which could be captured by the sensitizer will decrease. If ∆E is enhanced by shifting the emitter triplet energy downwards, it may be necessary to also shift the fluorescence energy downwards to keep the system exothermic. This leads to the necessity of selecting a solar cell with a smaller bandgap. The solar cell will then block more light from reaching the sensitizer.
If ∆E is negative, it is possible to increase the photon energy by more than a factor of two [48] . However, more triplet excitons will be distributed in the sensitizer molecules, which makes the quantum yield small. Fig. 6 shows the simulated figure of merit, current density, as a function of emitter concentration. For low values of ∆E, a high ratio of emitter molecules to sensitizer molecules is needed to produce upconversion. An abundance of emitter molecules ensures some triplet excitons are distributed to the emitter. If ∆E is large, then the Boltzmann distribution ensures triplet excitons are located in the emitter molecules even if those molecules are scarce. We do not include the additional decrease in the figure of merit which occurs at very low emitter concentrations because the triplet excitons do not reach the equilibrium distribution before decaying, or the emitter becomes saturated with excitations. Fig. 7 shows that upconversion fails to produce photocurrent when all the triplet decay occurs in the sensitizer because ∆E 0. Smaller sensitizer triplet decay k S 1 makes the figure of merit more sensitive to ∆E near ∆E = 0. The zinc octaethylporphyrin/diphenylanthracene system is in this region. Both ∆E and k S 1 can contribute to controlling triplet exciton loss. 
IV. DYNAMIC TRIPLET QUENCHING CAUSED BY SENSITIZER
Sensitizer concentration determines the excitation density [55] . A high excitation density produces efficient annihilation because the triplet concentration is in the numerator of Equation 4. Therefore, one would expect that the highest achievable sensitizer concentration will produce the highest possible upconversion figure of merit. We have recently shown that k E 1 , the triplet decay in the emitter, is dependent on sensitizer concentration [26] . Here we show the resulting impact on the figure of merit and device design. 
A. Model
The decay rate of triplets in the emitter in the absence of sensitizer and excluding annihilation is k 0 1 , which typically ranges from 10 2 to 10 4 s −1 [26] . The rate constant quantifying emitter triplet quenching by the sensitizer, k q , is typically less than 5 × 10 7 m −1 s −1 [26] . Total triplet losses in the emitter are
The solubility limit on [S] is above 1 mm [26] .
B. Quenching reduces figure of merit Fig. 8 shows the calculated figure of merit with and without the quenching constant. Here, we assume strongly exothermic triplet energy transfer. The device thickness, which is important to achieving a high triplet [26] . White indicates zero figure of merit. We assume ∆E = 0.3 eV.
concentration [4] , is also included as a variable. Without the quenching constant, the figure of merit increases with concentration. The optimal device thickness decreases with concentration, as the absorption length decreases. With the inclusion of a quenching constant, a maximum figure of merit exists below 10 −4 m sensitizer concentration.
The relationship between the figure of merit and the emitter concentration is dramatically changed by the inclusion of the quenching constant. In our model, the triplet excitons in the sensitizer are protected from concentration-dependent quenching. As a result, in Fig.  9 , the triplet decay rate k 1 increases with emitter concentration. Unlike the results in Fig. 6 , which exclude quenching, the figure of merit has a maximum with respect to emitter concentration when quenching is included. We omit the concentration quenching of triplet excitons within triplet sensitizers, which can be 
∼10
7 m −1 s −1 , and may be important [56, 57] .
C. Interplay of sensitizer quenching and Boltzmann statistics
The quenching effect of Equation 5 was experimentally demonstrated in situations where ∆E k B T [26] . As the sensitizer concentration increased, k 1 increased in a linear fashion. If this analysis is performed on a system that is not strongly exothermic, then the contribution of Boltzmann statistics from Equation 2 will cause the quenching constant to be overestimated. For zinc octaethylporphyrin and diphenylanthracene, the reported ∆E is 0.02 eV [22, [58] [59] [60] [61] . In our view, the experimental and theoretical uncertainty on this value is enough that the sign is uncertain.
In Fig. 10 , we reanalyze zinc octaethylporphyrin and diphenylanthracene data from Ref. [26] . We compare the prediction of Equation 5 with the combined prediction of Equations 2 and 5. Equation 2 increases the number of free parameters, so its inclusion must improve the accuracy of the model. While the experimental uncertainty is large enough that neither model can be rejected, it does seem that ∆E is not large enough to keep all the triplet excitons in the emitter. We suggest that ∆E = −0.02(1) eV. The triplet energy transfer may be 
endothermic.
If the mechanism giving rise to k q were an external heavy atom effect, then it should increase with atomic number Z. However, the opposite was observed [26] . Zinc-containing sensitizer (Z = 30) had the highest k q , but palladium (Z = 46) and platinum (Z = 78) were similar to each other. Inclusion of ∆E in the theory opens up the possibility that zinc-containing sensitizer does not really have a higher k q . Both parameters can explain the experimental increase in the emitter triplet exciton decay. Future measurements over a range of emitter concentrations will eliminate this ambiguity. ∆E and k q provide theoretical explanations of the relationship between atomic number and upconversion performance that do not require models based on phenyl group rotation [22] . Table II shows that both ∆E and k q can change the figure of merit, but that k q is more important. Fig. 11 gives the optimized figure of merit as a function of quenching constant. This shows the harmful effect of the sensitizer quenching the emitter on device performance. In addition, k q makes it necessary to increase the device thickness and decrease the sensitizer concentration to generate the most current from an upconversion device. The quantity of sensitizer used may be important to cost effectiveness.
D. Selecting the optimal design

V. FIGURE OF MERIT ALGORITHM A. Sampling Sunlight
The device was modeled as an infinite plane with the sunlight incident perpendicular to the surface. The solar spectral irradiance was stochastically sampled 10 9 times using the cumulative distribution function of the AM1.5G spectrum. To determine if a sample was absorbed into the solar cell, the Tauc model of direct bandgap semiconductors [45, 46] was scaled so there was a 99% probability of the solar cell absorbing the sample 0.1 eV above the 2.6 eV bandgap. If the sample was not absorbed, it was assumed to reach the anabathmophore. Refractive index matching was assumed throughout the simulation.
B. Light Transmission and Scattering
The interior of the anabathmophore was divided into 10 5 bins arranged vertically. Bins were used to model the inhomogeneous distribution of excitons within the anabathmophore.
If a sample reached the anabathmophore, spline interpolation was used to calculate the absolute value of the corresponding sensitizer and emitter molar absorptivities from the experimental spectra shown in Fig. 4 . The emitter absorption spectrum was filtered so any molar extinction below 1000 m −1 cm −1 was set to 0 m
to mitigate instrument noise. This reduces nonphysical anti-Stokes shifts. Using the sum of the molar absorptivities, the distance travelled by the sample was stochastically determined from the Beer-Lambert Law [55] . The concentrations and molar absorptivities were used to stochastically assign the sample to be absorbed by the sensitizer or emitter. From the distance travelled, the bin the sample was absorbed into was determined.
For each bin, the number of samples absorbed and reabsorbed by the sensitizer and the emitter were recorded. If the distance travelled exceeded the thickness of the anabathmophore, Lambertian reflection was simulated and the distance travelled was recalculated. The upward component of the distance travelled was used to determine the bin. If the distance travelled upward went beyond the region occupied by the anabathmophore, the sample was not absorbed by the anabathmophore and did not contribute to the figure of merit.
C. Sampling Fluorescence
Samples absorbed by the sensitizer and emitter were modelled separately and had different fluorescence yields. For sensitizer excitation, we assumed the singlet yield of triplet annihilation was perfect [27, 62] . The quantum yield Φ UC was calculated using Equation (4) with values from Table I . Temperature was assumed to be 300 K.
Since triplet energy transfer is rapid [22] , triplet energy transfer was assumed to be in equilibrium. The triplet concentration was calculated using [24] [
where k φ is the excitation rate computed under the usual assumption that the irradiance of the sun is 1 kW m −2 . The upconversion yield Φ UC was different for each bin because k φ was different. Samples absorbed by the emitter had perfect fluorescence yield, corresponding to an assumption of perfect fluorescence quantum yield. The quantum yield assumption also applied to converted triplet excitons.
To simulate emission, fluorescence samples generated according to the quantum yield were each stochastically assigned a wavelength. The wavelength was determined using the cumulative distribution function of the experimental emitter fluorescence spectrum in Fig. 4 . The fluorescence was propagated in a random direction from the middle of the bin according to the Beer-Lambert Law. If the direction of travel was downward, the sample could undergo Lambertian reflection. The vertical component of distance travelled determined the bin where the sample was reabsorbed. If the sample escaped from the top of the anabathmophore, the Tauc model was used again to determine if the solar cell absorbed the sample [45, 46] . If it did, then the sample contributed to the figure of merit.
Reabsorption and emission were recalculated five times to account for photon recycling [36] . During each cycle, the number of samples reabsorbed in each bin and Φ UC were recalculated. Typically, reabsorption was small. Here, we chose a sensitizer which was mostly transparent to fluorescence; our previous results suggest that molar extinction is more important to the figure of merit than reduced reabsorption, so it is important to account for photon recycling [4] .
D. Figure of Merit
The total radiant exposure entering the system was calculated by summing the photon energies of samples stochastically generated from the solar spectrum. The radiant exposure was then divided by the standard solar irradiance, 1 kW m −2 , to find the simulation duration t. The figure of merit, current density, was en t
where e is the fundamental charge and n is the area density of emitter fluorescence samples absorbed by the solar cell.
VI. CONCLUSIONS
Previously, we argued that 0.1 mA cm −2 is a meaningful figure of merit [4] . Reaching this goal requires im-provement. The efficiency of photochemical upconversion relies on the exothermic nature of each process involved in the steps of light conversion. Here, we relate a decrease in the potential energy which drives triplet energy transfer to a reduction in the figure of merit. We quantitatively demonstrated that the photocurrent is improved when the energy loss ∆E k B T . The quenching of triplets located in the emitter but caused by the sensitizer also inhibits the figure of merit, even when exothermic operation is successfully achieved. In the future, upconversion can be advanced by creating sensitizer/emitter pairs which have a large ∆E and a small quenching k q .
The poor performance of zinc octaethylporphyrin with diphenylanthracene, compared to alternate sensitizers paired with diphenylanthracene, can be explained by the quenching action of the sensitizer on the emitter and the alignment of triplet energy levels. These properties cannot be determined by only measuring triplet energy transfer rate constants. The Boltzmann distribution of triplet excitons inhibits upconversion even when energy transfer is efficient.
Our results highlight the value of measuring triplet decay rates as a function of concentrations. This type of experiment provides information about exciton conversion processes which lead to major changes in the figure of merit. When ∆E ≈ 0, theoretical and phosphorescence methods may not be precise enough. In addition, a pulsed experiment showing a high triplet energy transfer rate is not sufficient to show complete triplet transfer in equilibrium. If the Boltzmann factor is in doubt, then both the sensitizer and emitter concentration should be explored to find ∆E and k q .
The simulation program, which is available from http://laszlofrazer.com, can readily be used to predict the relative merits of different compounds with respect to their usefulness as sensitizers and emitters. This is particularly useful for the search for sensitizers which have absorption spectra that efficiently capture sunlight. In addition, different solar cell bandgaps, illumination conditions, and rate constants can be conveniently modeled. The manual is included as supplemental material [63] .
We have shown that, using knowledge of the sensitizer and emitter physics, the energy conversion performance of complete devices can be simulated. These simulations enable prediction of the best device design without requiring construction of many devices with different molecular concentrations and device geometries.
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